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Real-Time Nonlinear Tracking Control of Photopolymerization for
Additive Manufacturing
Koen Classens, Thomas Hafkamp, Steyn Westbeek, Joris J.C. Remmers and Siep Weiland
Abstract— In the context of additive manufacturing (AM)
and 3D Printing, vat photopolymerization is an established
technique in which photopolymer is selectively solidified to
form a near-net-shape part. Photopolymerization-based AM is
increasingly being adopted by the high-tech industry, but the
technology still faces several challenges in terms of consistency
in product quality, understanding of the UV curing process,
in-situ process monitoring, and real-time closed-loop control.
This paper aims to demonstrate the potential of model-based
control of the UV curing process. The curing process is
modelled and anticipatively controlled with an optimal control
law for nonlinear systems, derived via a sequential linearization
strategy. The potential of this approach is proven by means
of both simulations that illustrate a one-dimensional spatial
optimal tracking problem and experiments that validate a zerodimensional controlled system.

I. INTRODUCTION
Over the past decades, rapid prototyping has become
increasingly more important in the high-tech industry and has
quickly evolved into industrialized additive manufacturing
(AM), also known as 3D printing. Vat photopolymerization,
better known as stereolithography, is known to be one of the
more prominent types of AM [1]. This technique comprises
the family of processes in which liquid photopolymers are
selectively cured with ultraviolet (UV) light [2]. Additive
manufacturing has progressed tremendously over the last
years, but also faces many technical issues, preventing the
widespread adoption of vat photopolymerization by the hightech industry. In essence, the main unresolved issue is the
insufficient consistency and repeatability of the final printed
part quality due to variability in resin feedstock materials,
equipment, and processes [3], [4]. It is commonly recognized
that an in-depth understanding, in-situ process monitoring
and control of the UV curing process are crucial steps in
improving end-products [3], [4].
Although AM machines require accurate control of virtually all machine functions, the material and geometry
transformation processes are typically controlled open-loop.
In the recent literature, few studies show closed-loop control
of these processes. Among these few studies are investigations by Zhao and Rosen, who show closed-loop control
of the cure height in a single-layer bottom-up vat photopolymerization process where the control variable is the

exposure time [5], [6]. Türeyen et al. applied iterative learning control to improve the obtained geometry by measuring
the difference between the actual geometry and reference
geometry [7]. Garanger et al. controlled the stiffness of a
3D printed leaf spring by using different infill densities as
control variable [8]. Finally, Yebi and Ayalew minimized the
cure level deviations through the layer’s depth for a thick
resin-infused glass fiber composite where temperature was
measured and the exposure time was used as the control
variable [9]. Recently, Hafkamp et al. experimentally demonstrated closed-loop control of the degree of conversion [10].
For this purpose, a proportional-integral (PI) controller was
used to demonstrate that one can achieve a desired final
degree of conversion by virtue of feedback control, despite
material perturbations. In contrast to traditional methods,
where the control variable is solely the exposure time and
the aim is to reach a certain final degree of conversion [5],
[9], the present approach proposes to modulate the UV light
intensity. Since different irradiance trajectories with the same
exposure lead to different material properties, exploiting the
modulation of light intensity is expected to improve material
properties, e.g. through soft-start strategies [11]. Rather than
solely aiming to reach a final degree of conversion, reference
tracking provides a mechanism to control the temporal
evolution of the curing process.
The main research objective of this work is to lay the
foundation and illustrate the potential of closed-loop modelbased control of the UV curing process. Here, the focus
lies on the UV curing reaction, but we emphasize that the
proposed framework can be augmented by incorporating
models to predict heat propagation and stress and strain
evolution [12]. This augmentation also enables control of
the material properties in a closed-loop manner. To illustrate
that the UV curing process can be considered at various
spatial scales, a roadmap is proposed in Fig. 1. At the
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Fig. 1. Bottom-up approach illustrating the scales at which control of the
vat photopolymerization process can be considered.
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smallest scale, one can consider the chemical reaction itself.
This reaction can be viewed as a single-input single-output
(SISO) system where the input is the light intensity and
the output the degree of conversion. At the largest scale,
one can view the system at the full product scale, being a
multi-input and infinite-dimensional problem (MI∞O). The
control variables are the light intensity and the 3D spatially
distributed light projection onto the resin. The focus of this
research lies in simplifying the spatial nature to one spatial
dimension with the incident light intensity as a boundary
control input. This reduction of scale is considered as a first
fundamental step to move towards full 3D MI∞O control.
Our aim has been to develop a model-based framework for
the curing process that is based on a first principles model
and an optimal control paradigm that establishes anticipative
control of mechanical part properties. This paper is the
first to show an experimental validation of a model-based
optimal controller that is implemented on an experimental
photopolymerization set-up.
This paper is organized as follows. Firstly, Section II
discusses the problem at hand, i.e., the to-be-controlled UV
curing reaction is introduced and the optimal control problem
is formulated. Secondly, the solution to the nonlinear optimal
control problem is described in Section III. Thirdly, two
simulation case studies are shown in Section IV to illustrate the controlled system. Finally, the controlled system is
experimentally validated in Section V and a conclusion and
outlook are given in VI.
II. PROBLEM FORMULATION
A. Curing reaction
The fundamental underlying phenomenon causing spatial
deviations in the material property build-up is the loss of
irradiance as a result of light attenuation. The specimen
can not be illuminated homogeneously due to this reduction
of irradiance as a function of propagation depth into the
layer. Considering a one-dimensional domain Ω := [0, L]
with coordinate z ∈ Ω and time-dependent incident light
intensity Iin (t) ∈ R+ , the spatio-temporal distribution of
light intensity can be described by Beer-Lambert’s law [13]
as
− z
(1)
ΣI := I(z, Iin (t)) = e Dp Iin (t) in Ω.
The penetration depth Dp , a term often used in stereolithography, is defined as the depth where the irradiance has
reduced to 37% of its initial value as indicated in Fig. 2.
The main working principle of photopolymerization is that
UV light initiates a chemical reaction in which monomers
are converted into polymer chains, which causes the initially
liquid resin to solidify. The degree of conversion, p ∈ [0, 1]
quantifies the amount of monomer that has been converted
into polymer, where p = 1 indicates a completely cured
resin. The chemical reaction equations, describing the polymerization reaction, may be modelled using a phenomenological model in terms of a single differential equation as
(
∂p(z,t)
= g(p)I(z, t)n in Ω
∂t
Σp :=
(2)
p(z, 0) = p0 (z)
in Ω

Fig. 2.
The considered one-dimensional domain Ω := [0, L] (left),
exponential decay of irradiance I(z) versus traveled path length (center),
and nodal discretization (right).

where the chemical reaction is encapsulated by the function
g : p 7→ R+ [14]. The reaction rate g(p) := (r1 +
m
r2 p(z, t)) (1 − p(z, t)) , where the rate constants r1 and r2
represent the rate of initiation and propagation respectively,
and m represents the reaction order. Typically, the exponent
n ∈ [0.5, 1] [14]. Uniform spatial discretization of the zdomain into N nodes gives coordinates zi = (i − 1)∆z
where i = 1, 2, . . . , N and thus ∆z = NL−1 where L is the
domain length. Combining the irradiation model ΣI and the
curing model Σp enables to write the system as
ẋ(t) = h(x(t)) · u(t),
|
{z
}

(3)

f (x(t),u(t))

where the state x(t)
[p1 (t), . . . , pN (t)]> belongs to the
 := N
state space X := x ∈ R | 0 ≤ xi ≤ 1, i = 1, . . . , N , the
initial state x0 := [p1 (0), . . . , pN (0)]> ∈ X , the control
input u(t) := Iin (t)n ∈ I := R+ and

z n 
− 1
(r1 + r2 p1 (t))(1 − p1 (t))m e Dp


..
 . (4)
h(x(t)) := 
.


(r1 + r2 pN (t))(1 − pN (t))m e

−

zN n
Dp

Hence, the one-way curing reaction is described by a function f : X × I 7→ R+ . We aim to generate the control input
u of the model described by Eq. (3) so as to optimize a well
defined criterion. However, 1) there is little consensus in the
literature on the exact control objective and 2) the controlled
system is required to accommodate a spatially distributed
performance criterion. This means that the quantification of
the control objectives into a single optimization criterion
that reflects final part quality is a rather delicate task. For
instance, such a criterion could reflect the maximization of
the degree of conversion homogeneity throughout the layer.
B. Control problem
The quadratic tracking framework largely meets the aforementioned requirements to the control strategy [15]. However, the standard quadratic tracking framework can not
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directly be adopted, since the to-be-controlled chemical
reaction is inherently nonlinear. To formulate the optimal
control problem, the cost criterion J is defined as
J(x0 , xref , u) :=
Z T

e(t)> Q(t)e(t) + u(t)> R(t)u(t) dt

(5)

+ e(T )> QT e(T ),
where T > 0 is the optimization horizon and the tracking
error e(t) := x(t) − xref (t). The time-varying weighting
functions in Eq. (5), penalizing state error and control input
over time, are symmetric and positive (semi-) definite, i.e.,
Q(t)  0 and R(t)  0 for all t ∈ [0, T ]. The terminal
weight QT  0 is symmetric and positive semi-definite.
These time-varying weights are confined to Q(t) := θQ (t)Q̄,
and R(t) := θR (t)R̄, where the non-negative time-varying
scalars θQ (t) and θR (t) define how the weight matrices
Q̄  0 and R̄  0 are scaled over time for t ∈ [0, T ].
Given an initial condition x0 and an a-priori known reference
signal xref ∈ Xref := {xref : [0, T ] → X }, the finite-time
optimization problem can be defined as
u

J(x0 , xref , u)

subject to ẋ(t) = f (x(t), u(t)),

min
u

subject to

0

min

problem defined as

(6)

where the input signal u ∈ U := {u : [0, T ] → R+ } is to-be
optimized and the cost function J : X × Xref × U → R.
III. SOLUTION
For linear systems, the solution to the optimization problem described by Eq. (6) is the well-known time-varying
linear state-feedback controller [15]. However, solving this
problem for nonlinear systems is generally not trivial. Çimen
and Banks [16], [17] have developed an input-affine pseudolinear system description of the form ẋ(t) = A(x(t))x(t) +
B(x(t))u(t) for general nonlinear nonaffine systems. They
solved the nonlinear optimal tracking problem, described by
Eq. (6), with a strategy based on sequential minimization
of Eq. (5) subjected to Linear-Time-Varying (LTV) approximations of the true nonlinear system. This so-called ASRE
strategy [17] is likely to converge to the optimal solution
for the true nonlinear system, but global optimality is not
guaranteed for the LTV approximations. Alternatively, the
present work proposes to linearize the nonlinear system
around a nominal trajectory (x∗ (t), u∗ (t)) through a firstorder Taylor expansion as
˙
x̃(t)
= f (x∗ (t), u∗ (t))
(7)
+ A(t) (x(t) − x∗ (t)) + B(t) (u(t) − u∗ (t)) ,

J(x0 , xref , u)

which is exactly equal to Eq. (6) if x(t) = x∗ (t) and
u(t) = u∗ (t). The nominal trajectory is updated via a
sequential linearization sequence, which provides iteratively
improved estimates of the optimal control law for the
true nonlinear system. This recursive linearization strategy
amounts to using the solution of the previous iteration, i.e.
(x[i−1] (t), u[i−1] (t)) where [·] denotes the iterate, as nominal
trajectory for the subsequent iteration (x∗[i] (t), u∗[i] (t)). The
optimal control law for the [i]th iteration, i.e. uopt
[i] (t), is
obtained as follows [12], [18].
Theorem 1: Given the initial condition x0 , the reference
trajectory xref (t) on the interval t ∈ [0, T ] and the optimization problem Eq. (9). Then the cost is represented as
Z T
J (x0 , xref , u) := V (x0 , 0) +
||u(t)
(10)
0
+ R(t)−1 B(t)> P (t)x(t) + R(t)−1 B(t)> r(t)||2R(t) dt,
where the norm ||φ(t)||2R(t) := φ(t)> R(t)φ(t) and the scalar
function
V (x(t), t) := x(t)> P (t)x(t) + 2x(t)> r(t) + c(t),

˙
x̃(t)
= A(t)x(t) + B(t)u(t)
+ f (x∗ (t), u∗ (t)) − A(t)x∗ (t) − B(t)u∗ (t) .
{z
}
|

(8)

:=d(t)

The optimization problem for the true nonlinear system,
Eq. (6), is approximated by the finite-horizon optimization

(11)

in which the matrix function P (t), the vector function r(t)
and the scalar function c(t) are defined as the unique solutions of the differential equations with boundary conditions
Ṗ (t) = −P (t)A(t) − A(t)> P (t)
+ P (t)B(t)R(t)−1 B(t)> P (t) − Q(t),
P (T ) = QT ,

ṙ(t) = − A(t)> − P (t)B(t)R(t)−1 B(t)> r(t)
+ Q(t)xref (t) − P (t)d(t),
r(T ) = −QT xref (T ),

(12a)
(12b)

(13a)
(13b)

and
ċ(t) = r(t)> B(t)R(t)−1 B(t)> r(t)
− xref (t)> Q(t)xref (t) − 2d(t)> r(t),
c(T ) = xref (T )> QT xref (T ).

(14a)
(14b)

The cost function described by Eq. (10), and thus the
optimization problem described by Eq. (9), is minimized by
the optimal control law
uopt (t) = −R(t)−1 B(t)> (P (t)x(t) + r(t)) ,

which can be rearranged into

(9)

Eq. (8),

(15)

with 0 ≤ t ≤ T and the optimal value of the cost function
is given by V (x0 , 0).
The proof of this Theorem is an elegant application of a
completion of the squares argument, in which the function
V : X × [0, T ] → R defined in Eq. (11) serves as a
cost-to-go or value function in the dynamic optimization
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anticipative

Fig. 3. Quadratic tracking control scheme with time-varying weights and
full state feedback. The control input is composed of a feedback term and
an anticipative term, where the system Σr requires the entire time horizon
of xref (t) in order to determine r(t).

or, equivalently, as a Lyapunov function of the controlled
system. We emphasize that the optimal control law uopt is
anticipative in the sense that uopt (t) requires information on
r(τ ) for τ ≥ t through the differential equation Eq. (13).
The optimal solution of this control problem
is
schematically
depicted
in
Fig.
3,
where
uFB
=
−R(t)−1 B(t)> P (t)e(t) and uAN
=
−R(t)−1 B(t)> (P (t)xref (t) + r(t)). To determine the
anticipative control input uAN (t), the entire time window
t ∈ [0, T ] of the reference signal is used. Although
convergence properties are yet to be proven, this strategy
is likely to converge to the optimal control input for
the true nonlinear system, similar to the work in [16],
[17]. We remark, that the control law derived here is
also optimal for the nonlinear system if the state and
input trajectories (x(t), u(t)) coincide with the nominal
trajectories (x∗ (t), u∗ (t)). The solution presented here
assumes knowledge on the state variable x. If the state is
not measured, an observer can be constructed to replace the
state x(t) by an estimated state x̂(t). Details on observer
details are not included in this paper.
IV. NUMERICAL RESULTS
For the following simulations, the time horizon T = 100
s and the specimen thickness L = 5 · 10−5 m, which is
discretized in N = 15 nodes and the penetration depth Dp =
10 · 10−5 m. Furthermore, the reaction rate constants, from
Eq. (4), are specified as r1 = 1.765·10−3 s−1 and r2 = 2.276
s−1 . Eq. (4) is completed with the power n = 0.5 and the
reaction order m = 2. A perturbed system is considered that
has a reduced reaction rate of 20 % and has a loss of UV light
source intensity of 20 % [19], i.e. r2,pert = 0.8 r2 and Iin,pert =
0.8 Iin . The nominal, non-disturbed system is compared to
the disturbed open-loop system and the disturbed closed-loop
system.
First, the aim is to, on average, track an arbitrary degree of
cure reference. In other words, the same reference trajectory
is imposed throughout the entire specimen. This amounts
to penalizing each node equally. Thus, the control objective
is to minimize spatial variations of the degree of cure over
the entire time window. To this end, Q̄ = IN ×N , QT =
105 Q̄, R̄ = 1, θQ (t) = 1.0 · 103 and θR (t) = 1.0 · 103
for t ∈ [0, T ]. The simulated degree of cure at z = 0,

Fig. 4. Tracking of an arbitrary curing degree reference ( ) throughout
the entire specimen. The curing degree of the nominal system at z = 0
m ( ), the curing degree at z = 2.5 · 10−5 m ( ) and the curing
degree at z = 5 · 10−5 m ( ) are depicted. On the right axis, the control
input of the nominal system ( ) is depicted. Similarly, the curing degree
(
,
,
) and control input ( ) of the open-loop perturbed system
are depicted as well as the curing degree (
,
,
) and control input
( ) of the closed-loop perturbed system.

Fig. 5. Tracking of a sigmoid-shaped curing degree reference at the bottom
of the specimen ( ). The curing degree of the nominal system at z = 0
m ( ), the curing degree at z = 2.5 · 10−5 m ( ) and the curing
degree at z = 5 · 10−5 m ( ) are depicted. On the right axis, the control
input of the nominal system ( ) is depicted. Similarly, the curing degree
,
,
) and control input ( ) of the open-loop perturbed system
(
,
,
) and control input
are depicted as well as the curing degree (
( ) of the closed-loop perturbed system.

z = 21 L and z = L are shown in Fig. 4 for an arbitrary
reference signal. This reference is tracked well on average,
but deviations throughout the specimen are inevitable due
to the exponentially decaying irradiance. Nevertheless, the
trajectory is optimally tracked in the sense of minimizing
the cost criterion J. Clearly, the open-loop perturbed system
performs poorly and the effects of the perturbation are
attenuated through the controller. The anticipative nature of
the controller becomes apparent from the fact that the light
intensity is already increased around t = 45 s, well before
the step in the reference occurs at t = 50 s. Moreover, from
t = 0 s an anticipative input is applied in order to overcome
the consumption of reactive species by oxygen molecules in
the resin. This way of compensation would not be possible
with pure non-anticipative feedback control.
Next, a typical sigmoid-type reference trajectory is tracked
where the aim is to 1) track the reference trajectory at the
bottom of the specimen and 2) enforce through-cure (i.e.,
reach the desired conversion at z = 0). This amounts to only
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Fig. 6. Sketch of the experimental set-up with the ATR crystal to guide
the IR beam and the UV LED to cure the resin.

penalizing state error at the bottom node. For this purpose,
Q̄ = diag (0, 0, . . . , 0, 1), QT = 1.0 · 103 Q̄, R̄ = 1, θQ (t) =
10 + 9.9t and θR (t) = 1 for t ∈ [0, T ]. The curing degree
at z = 0, z = 21 L and z = L are shown in Fig. 5. The
sigmoid shape is tracked at the bottom of the specimen and
the controller clearly attenuates the perturbations
V. EXPERIMENTAL VALIDATION
A. Experimental set-up
Measuring the photopolymerization reaction kinetics
in situ and in real time is not straightforward [20]. Due to
a lack in availability of high-speed, machine-implementable
degree-of-conversion sensors, researchers are forced to reduce the light intensity in order to match the timescale
of the UV curing process to the sampling time [21]. An
experimental set-up was developed [10] to validate the
controlled system and prove the principle of model-based
UV curing process control. The measurement configuration
of the experimental set-up is chosen such that the probing
volume is small enough that the polymerization dynamics
can be assumed to be practically homogeneous. Since this
volume only spans a few micrometers in the z-direction,
it can be considered to be zero-dimensional. Hence the
controlled system can be considered a single-input singleoutput (SISO) system, see Fig. 1. To measure the degree of
conversion online, Fourier-transform infrared spectroscopy
(FTIR) is used where the infrared beam is directed through
an Attenuated Total Reflection (ATR) crystal at the bottom
of the layer. The monomer concentration and degree of
conversion are computed from the measured absorbance
spectra. A 405 nm UV light emitting diode (LED) is used as
steerable actuator to illuminate the resin from the top. The
principle of the set-up is illustrated in Fig. 6.
B. Parameter identification
To identify the system dynamics, multiple open-loop step
response experiments were performed. These experiments
consisted of step inputs where a normalized input, Inorm (t)
that assumes values I(t) ∈ {0.05, 0.1, 0.2, . . . , 1.0} was
used. The step response experiments revealed several insights. First of all, not all monomer is converted into polymeric chains due to the reduced mobility of reactive species
upon curing. This results in an asymptotic bound on the
degree of conversion, denoted by p∞ [22]. To accommodate

for this asymptotic behavior, the output equation y(t) =
p∞ p(t) is considered, where y(t) is the true measured degree
of conversion. Hence, the proposed model is of the form
 dp(t)
2
dt = (r1 + r2 p(t)) (1 − p(t)) u(t)
(16)
Σp :=
y(t) = p∞ p(t)
p
where u(t) =
Inorm (t). The parameter identification
problem now amounts to finding the parameters z :=
(r1 , r2 , p∞ )> ∈ Z ⊂ R3+ that best fit the measurement data.
A total of N experiments have been performed to identify
the parameter z. The ith experiment is performed on the
sampled time interval ti and resulted in discrete input and
output measurements ui and yi (defined on ti ), respectively.
The optimal parameter vector zopt has been selected as the
minimizer of the nonlinear least-squares criterion
V (z) :=

N X
X

kF (z, ti , ui ) − yi ||22 ,

(17)

i=1 ti

where F (z, ti , ui ) denotes the sampled output solution of
Eq. (16) as a function of the parameters z, the time window
ti and the corresponding input sequence ui .
For the Formlabs Silica resin (Formlabs GmbH, Berlin)
the optimal parameter set is found to be zopt =
(r1,opt , r2,opt , p∞,opt ) = (1.765 · 10−3 , 2.276, 0.747) with
units s−1 , s−1 , and p∞ being dimensionless.
C. Closed-loop response
To demonstrate the feasibility of model-based control,
a sigmoid-shaped reference signal was tracked on the experimental set-up. The control gains were obtained via the
sequential linearization strategy, given the reference signal,
the initial cure level and weighting functions. The timevarying weights are equal to Q(t) = 103 + 99t and R(t) =
103 for t ∈ [0, 50] and R(t) = 103 −18(t−50). The terminal
weight is set as QT = 1.0 · 107 . The reasoning behind these
weight profiles lies in the sensitivity for input at low cure
levels and the insensitivity at later stages. For this sample, a
large terminal cost is used to ensure that the final cure level is
reached. The controller is activated for a period of 100 s. The
first 50 s are used for initialization of the algorithm that determines the cure level from the spectrometer measurements.
Then at t = 50, the controller is initiated. At t = 150 s the
controller is turned off. The resulting closed-loop response is
shown in Fig. 7. The anticipative nature of the controller can
be observed as soon as it is activated at t = 50 s. Here, the
light intensity is increased to cancel the exposure threshold
for the polymerization to start. Moreover, the effect of the
comparatively low sampling frequency can be observed.
Especially around t = 70 s a significant overshoot can be
observed, because a high control input must be held for the
entire time sample time. Nevertheless, the goal is accomplished of experimentally illustrating the principle of modelbased feedback control of monomer conversion. Although
the presented experimental results were obtained on a small
scale in a SISO setting, confidence is established that moving
towards larger scales and MIMO settings is worthwhile as
soon as photopolymerization sensing equipment permits.
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[5]

[6]

[7]
Fig. 7.
Closed-loop control experiment of the curing degree where
a sigmoid reference signal ( ) is being tracked. The curing degree
measurements ( ) and the control input ( ) are depicted. The controller
is activated at t = 50 s and turned off at t = 150 s.

[8]

VI. CONCLUSION AND OUTLOOK
In this paper, the potential of model-based curing control
is successfully proven through simulations and experimental
validation. This result can be considered as a fundamental
step in AM towards improved, consistent and reproducible
product quality. A first principle model has been derived that
is control relevant and whose parameters have been identified
so as to fit an experimental set-up. A model-based tracking
controller has been derived and implemented that anticipates
an a-priori given but arbitrary curing degree reference. The
controller has been validated and shows a clear tracking of
curing degree in well defined locations of the specimen. The
tuning parameters of the controllers enable tracking of the
curing degree at distinguished locations.
In future work, the model will be extended to include
thermal behavior and the build-up of material properties in
a control-oriented fashion. This will enable spatio-temporal
control of temperature, stress and strain evolution, thus
closing the control loop at a new level, i.e, that of material
properties. Material properties may be measured and controlled directly, but the monomer conversion control loop
illustrated in this work may also serve as element of a
larger cascaded control scheme, where it acts as an input
to a material property model. For validation purposes, a
new experimental set-up needs to be developed, enabling
depth-resolved measurements at a sampling frequency that
allows to verify feasibility of in-situ monitoring and control
at relevant AM timescales.
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