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Abstract: The condition of systems, such as production equipment, typically deteriorates over
time, increasing the risk of failure and associated unscheduled downtime. Predictive maintenance
is a strategy to prevent failure, while maximizing the life cycle of equipment within a system. This
paper contributes in this context to the theory of real-time fault diagnosis with an approach that
can jointly estimate additive and parametric faults. The proposed fault diagnosis system consists
of detection filters which are complemented with a residual evaluator, enabling effective fault
isolation and fault estimation for open-loop and closed-loop controlled systems. The effectiveness
of this unified approach is illustrated on a mass-spring-damper system.
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1. INTRODUCTION
Despite excellent system design and major advances in
control theory, the condition of production equipment still
deteriorates over time, making maintenance unavoidable.
In this context, maintenance timing is of paramount importance due to the associated costs, i.e., it is extremely
expensive when production equipment is not operational.
Predictive maintenance (PdM), see Fig. 1, is an effective
strategy to minimize downtime, see e.g. Poór et al. (2019);
Classens et al. (2021a). In this context, real-time fault
diagnosis is the foundation for effective and targeted maintenance.
This paper focuses on model-based fault diagnosis, see
e.g., Chow and Willsky (1984); Isermann (1984); Gertler
(1991); Frank (1996); Hwang et al. (2010-05); Gao et al.
(2015). Many approaches can be used in order to generate
a residual signal for fault diagnosis. The majority of studies
deals with additive faults, see e.g. Gertler (1998); Chen and
Patton (1999); Ding (2013); Varga (2017), or the detection
of parametric faults, see e.g. Gertler (1995); Niemann
and Stoustrup (2002). However, unified approaches for
both additive and parametric fault diagnosis require more
attention in the theory of fault diagnosis. The proposed
approach in this paper uses a single residual generator
to estimate both. The use of a linear fractional representation, see e.g. Niemann and Stoustrup (2002); Cuzzola and Bittanti (2002), enables this unified approach.
The approach is developed for open-loop and closed-loop
controlled systems. In particular, parametric faults are of
major importance as these affect performance and closedloop stability margins.

The contributions of this paper are formulated as follows.
C1 A unified framework to estimate additive and parametric faults for open-loop and closed-loop controlled
systems. (Sections 3 and 4)
C2 A graphical interpretation to isolate faults and to
measure its severity. (Section 4.3)
C3 A case study illustrating the principle. (Section 5)
2. PROBLEM FORMULATION
Consider the system, depicted in Fig. 2. Let y̆ ∈ Rny
be the output of the plant G(θ), actuated by control
input u ∈ Rnu . The plant depends on parameters θ :=
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Fig. 1. The system health with respect to time, illustrating preventive maintenance (PvM), predictive maintenance (PdM) and the reactive maintenance (RM).
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>
θ1 , . . . , θnp
∈ Rnp . The measured output y ∈ Rny
is perturbed with disturbance d ∈ Rnd , filtered with D,
and may be affected by additive faults f a ∈ Rna , filtered
through F , leading to the input-output relation
y = G(θ)u + F f a + Dd.
(1)
Closing the feedback loop, makes the control input u =
C(r − y) dependent on exogenous reference r. Hence, the
output y with respect to the exogenous inputs is
y = SO G(θ)Cr + SO F f a + SO Dd,
(2)
−1
with output sensitivity SO = (I + G(θ)C) . The control
input u (in the loop) with respect to the exogenous inputs
is then equal to
u = SI Cr − SI CF f a − SI CDd,
(3)
with input sensitivity SI = (I + CG(θ))−1 . The parameter vector θ is considered to be affected by timedependent parametric faults and is separated into its constant healthy contribution, θh := [θ1h , . . . , θnhp ]> ∈ Rnp ,
and a time-dependent parameter anomaly vector f p (t) :=
[f1p (t), . . . , fnpp (t)]> ∈ Rnp , yielding the time-dependent
vector θ(t) = θh + f p (t). The following assumptions are
made regarding faults.
Assumption 1. Only a single fault occurs simultaneously, i.e., if a nonzero fault is present, all other faults
are zero. Hence, if

(

fipp (t) = 0, for ip 6= l,

p


fl (t) 6= 0 =⇒ f a (t) = 0, ∀i ,
a
( ia
(4)
∃l :
p

(t)
=
0,
∀i
f

p,
ip
a


fl (t) 6= 0 =⇒ f a (t) = 0, for i 6= l,
a
ia
where 1 ≤ ip ≤ np and 1 ≤ ia ≤ na .
Assumption 2. Parametric faults f p and additive faults
f a are assumed to be slowly varying over time, bounded by
" p #
−λ ≤
where λ :=

df (t)
dt
df a (t)
dt

≤ λ,

[λp1 , . . . , λpnp , λa1 , . . . , λana ]>

∈

(5)
n +n
R+p a .

Fault diagnosis comprises multiple tasks. In the scope of
this paper, fault diagnosis covers fault detection, fault
isolation, and fault estimation. These tasks are performed
by means of the residual signal ε and additional parameter

excitation indicator ψ, postprocessed through a residual
evaluator, see Fig. 2.
Definition 1. (Fault Detection). Fault detection is the
process to detect a nonzero fault by means of the residual,
i.e., f p 6= 0 ∨ f a 6= 0 =⇒ ε 6= 0.
Remark 1. A parametric fault is only detectable if the
related parameter is excited, which is indicated by means
of the parameter excitation indicator signal ψ.
Definition 2. (Fault Isolation). Fault isolation is the process to isolate the root cause after detecting a fault.
Definition 3. (Fault Estimation). Fault estimation is the
process to estimate the magnitude of the occurring fault.
The aim of this paper is to detect faults, isolate which
additive fault f a or parametric fault f p is the root cause,
and estimate its magnitude, given the known control input
signal u and the real-time measured output signal y.
3. UNIFIED FAULT DIAGNOSIS SOLUTION
First, the plant model G(θ) is modeled as a Linear Fractional Representation (LFR). Subsequently, the fault diagnosis filters are presented and its reduced form is derived.
3.1 Linear Fractional Representation
The LFR allows to write the fault-dependent model G(θ)
as linear time-invariant (LTI) models based on healthy
parameters θh , denoted by Mzu , Mzw , Myw and Myu , and
a fault-dependent diagonal matrix, denoted by ∆(f p ), see
Fig. 3. From Fig. 3 can be derived that
  
 
z
Mzw Mzu w
=
,
(6)
y̆
Myw Myu u
|
{z
}
:=M

and
w = ∆(f p )z,
(7)
>
> >
np ny
>
> >
where z = [z1 , . . . , znp ] ∈ R
, w = [w1 , . . . , wnp ] ∈
Rnp ny , and ∆(f p ) = diag(f1p I ny ×ny , . . . , fnpp I ny ×ny ).
Hence, the plant G(θ) is parameterised according to the
upper linear fractional transformation (LFT), i.e.,
G(θ) = Fu (M, ∆(f p ))
= Myu + Myw ∆(f p )(I − Mzw ∆(f p ))−1 Mzu . (8)
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}
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Fig. 2. Considered system in both open-loop ( ) and
closed-loop ( ), with subsystems G(θ), F and D,
augmented with a fault diagnosis system.

Fig. 3. Linear fractional representation of parametric
model G(θ) with fault-dependent diagonal matrix
∆(f p ) and linear time-invariant (LTI) model M .
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Remark 2. The LFT from (8) is considered to be wellposed, i.e., I −Mzw ∆(f p ) is considered to be non-singular.
A detailed description to isolate the parametric faults from
G(θ) into ∆(f p ) is given in (Zhou, 1996, Cha. 10).
Remark 3. Note that the LFR from Fig. 3 can be rearranged using Mzw = Mzy Myw and Mzu = Mzy Myu such
that it is fully described by Myu , Mzy , Myw , and ∆(f p ).
The parametric faults within the fault-dependent diagonal
matrix ∆(f p ) are only observable in the output if the
corresponding parameter is excited, i.e., z 6= 0 in (7).
Definition 4. (Parameter Excitation). A parameter and
its corresponding possible fault is said to be excited if zip
is nonzero, i.e., zip 6= 0, for ip = 1, . . . , np .
3.2 Fault Diagnosis Filters
Generally, different types of fault detection approaches
are applied for additive and parametric faults, whereas
this paper proposes a single unified solution to detect
both. Consider the block diagram depicted in Fig. 4,
augmented with fault diagnosis filters Q := [Qy Qu ] and
R := [Ry Ru ].
Remark 4. The proposed scheme, shown in Fig. 4, considers the input w as an exogenous input, while w is actually an internal signal of the fault-dependent parametric
model G(θ). Considering w as an exogenous input allows
a parametric fault to treated as additive.
The relation from the exogenous inputs for the open-loop
setting to the residual ε is equal to
ε = (Qu + Qy Myu )u + Qy Myw w + Qy F f a + Qy Dd. (9)
The relation from the exogenous inputs to the parameter
excitation indicator ψ for the open-loop scheme, is equal
to
ψ = (Ru + Ry Myu )u + Ry Myw w + Ry F f a + Ry Dd. (10)
{z
} |
{z
}
|
ψu

ψw

The residual ε is divided into two parts, i.e.,
 p
ε
ε= a ,
ε

(11)

where εp and εa are residuals related to parametric and
additive faults, respectively. The design objectives, related
to εp , εa , and the parameter excitation signal ψ are:
Pnp
O1 The residual εp estimates
ip =1 wip , is decoupled
from u, and perturbations from f a and d are allowed.
O2 The residual εa estimates f a , is decoupled from u,
and perturbations from w and d are allowed.
O3 The parameter excitation indicator ψ = ψu + ψw
estimates z. The part ψu estimates Mzu u. The part
ψw estimates Mzw w and is decoupled from u, while
perturbations from f a and d are allowed.
First, the fault diagnosis filters will be decoupled from u
resulting in a reduced form. The remainder of the design
objectives is treated in Section 4.
Remark 5. The design objectives O1 to O3 for the closedloop system are similar, however, the signals εp , εa , and
ψw are decoupled from the exogenous reference r.
3.3 Reduced Fault Diagnosis Filters
In order to achieve the decoupling of the residual ε from
u, stated in O1 and O2, Qu , is parameterized as
Qu = −Qy Myu .
(12)
Decoupling is achieved by substituting (12) into (9), i.e.,
ε = Qy Myw w + Qy F f a + Qy Dd.
(13)
Similar to (11), Qy is divided into two parts, i.e.,
 p
Qy
Qy =
.
(14)
Qay
Definition 5. (RFDetF). The reduced fault detection filter (RFDetF) is defined as

 p
Qy −Qpy Myu
.
(15)
Q=
Qay −Qay Myu
Substitution of (15) into (9) yields
 p  p
 p
 p
Qy
Qy
Qy
ε
a
=
M
w
+
F
f
+
Dd,
(16)
yw
εa
Qay
Qay
Qay
where Qy is the remaining degree of freedom for the
generation of ε.
In order to achieve ψu = Mzu u, stated in O3, Ru is defined
as
Ru = Mzu − Ry Myu .
(17)
In addition, objective O3 states that the part ψw estimates
Mzw w, which is accomplished by
Ry = R̄y Qpy .
(18)
Then, substituting (17) and (18) into (10) yields
ψ = Mzu u + R̄y (Qpy Myw w + Qpy F f a + Qpy Dd).
(19)
Definition 6. (RPEIF). The reduced parameter excitation indication filter (RPEIF) is defined as


R = R̄y Qpy Mzu − R̄y Qpy Myu ,
(20)

Fig. 4. Open-loop ( ) and closed-loop ( ) from Fig. 2,
augmented with Q, R, and LFR M from Fig. 3.

where R̄y is the remaining degree of freedom for the
generation of ψ.
Remark 6. Note that
ψ = Mzu u + R̄y εp ,
(21)
which shows that the parameter excitation indicator ψ
depends on εp . The quality of the RPEIF which estimates
z through ψ depends on the quality of the RFDetF in
estimating w through εp .
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Remark 7. Considering Rem. 5, it can be proven that
the fault diagnosis problem for the closed-loop system
leads to the same reduced fault diagnosis filters (16), and
reduced parameter excitation indication filter (21). Hence,
the resulting fault diagnosis filters are invariant under
the presence/absence of controller C. For that reason,
derivations are solely performed for the open-loop case, see
Classens et al. (2021b); Verbeek (2021) for details.
4. FAULT DIAGNOSIS FILTER DESIGN
First, a particular structure for the LFR is proposed.
Subsequently, the remaining degrees of freedom of the
RFDetF, i.e., Qpy and Qay , and the remaining degree of
freedom of the RPEIF, i.e., R̄y are further specified.
Finally, a method to evaluate the residuals is proposed.
Remark 8. The following proposed design aims at fault
estimation, is structured for MIMO systems, and does not
exploit information of D in order to minimize disturbance
effects. Note that minimizing disturbance effects while
maximizing fault sensitivity is possible, but is considered
out of scope for this paper.
4.1 Linear Fractional Representation

4.3 Residual Evaluation
The fault estimator is an operator that processes εp , εa ,
and ψ, in order to estimate the additive and parametric
faults. The fault estimator variableis definedas
εp ◦ ψ1◦−1
 p p
 

..
E (ε , ψ)


.
(25)
E(ε, ψ) =
=
,
a a
E (ε )
εp ◦ ψn◦−1 
p
εa
i>
h
p −1 p −1
−1
p
ψ
.
.
.
ε
ψ
ψ
ε
ε
. The fault
with εp ◦ ψi◦−1
=
ny ip ny
1 ip 1 2 ip 2
p
estimates E might contain extreme values up to ∞ and
−∞, which occurs in the case of zero parameter excitation,
i.e., when ψip iy = 0.
The estimator from (25) is extended with a detector,
defined as
1
Dif idet (Eif ) ,
,
(26)
1 + e−4cif idet (Eif −βif idet )
with threshold βif idet 6= 0 and corresponding slope
cif idet 6= 0 for if = 1, 2, . . . , np + na , and idet =
1, 2, . . . , ndet (if ). The slopes are defined as cif idet =
2
. The fault detector is a sigmoid function and
βi i
f det

First, the structure of Myw is defined as


Myw = Myw1 Myw2 . . . Mywnp ,
(22)
containing explicitly identity matrices, i.e., Mywip =
Pn
I ny ×ny . This yields y = Myu u + F f a + Dd + ipp=1 wip .
The structures of LTI models Mzu and Mzw are system
dependent and follow from the procedure in (Zhou, 1996,
Cha. 10). The model Myu represents the healthy model of
the considered specific mechatronic system, hence, there is
no freedom in proposing a structure.
Remark 9. If a parametric fault occurs, i.e., flp 6= 0 for
some l, then from Ass. 1 can be concluded that y = Myu u+
wl + Dd, where wl = flp zl .
Remark 10. If an additive fault occurs, i.e., fla 6= 0 for
some l, then from Ass. 1 can be concluded that y = Myu u+
Fl fla + Dd, where Fl is the lth column of TFM F .
4.2 Design for Reduced Fault Diagnosis Filters
The degrees of freedom Qpy , Qay and R̄y remain to be
designed which follows from the objectives O1, O2 and
O3, and the assumption that faults do not occur simultaneously, i.e., Ass. 1. The filters Qpy and Qay are defined
as Qpy = I ny ×ny , the inverse of the Mywip blocks, and
Qay = F −1 . If F is not invertible, a different choice must
be made which comes at the cost of adapting the residual
evaluation. Furthermore, R̄y = Mzy . Substituting the
filters Qpy and Qay into the RFDetF from (15) provides
the proposed FDetF Q, i.e.,


I
−Myu
Q=
.
(23)
F −1 −F −1 Myu
Furthermore, substituting the filters Qpy and R̄y into the
RPEIF from (20) provides the proposed PEIF R, i.e.,
R = [Mzy 0] ,
(24)
such that the parameter excitation indicator is obtained
as ψ = Mzy y.

is shown in Fig. 5. The fault detector computes 0 ≤
Dif idet (Eif ) ≤ 1, where threshold βif idet lies in the space
of fault estimate Eif and determines the tipping point
between 0 and 1 for the fault detector Dif idet . Multiple
thresholds, i.e., ndet (if ) thresholds, can be spread across
the entire space of fault estimate Eif in order to detect the
ith
f fault at specific values.
The fault estimator from (25) is extended with a fault
isolator. This isolator enables a graphical interpretation for
analysis. Each data-point is assigned a color, representing
whether the data-point is meaningful ( ), or not ( ), ( ).
Hence, it determines whether data should be taken into
account or whether it should be negated. The isolator
determines whether the possibly faulty parameter is sufficiently excited and whether the residual is slowly varying,
and therefore may represent the true fault according to
Ass. 2. Sufficiently exciting is defined according to

( ), for |ψip | ≥ γip iiso ,
Iip iiso (ψip ) =
(27)
( ), for |ψip | < γip iiso ,
with threshold γip iiso > 0 for ip = 1, 2, . . . , np , and iiso =
1, 2, . . . , niso (ip ). Similarly, Ass. 2 is tested. Hence, a residual which traverses a too large magnitude (e.g. scatters) in
a small time window is negated ( ). Thus, to summarize,
the isolator discards data-points at time instances where
parameteric faults are insufficiently excited or in case a
different fault causes the non-zero residual.

Fig. 5. Fault detector Dif idet (Eif ) from (26), which is a
sigmoid function with threshold βif idet ( ) and slope
cif idet ( ), illustrating the cases where βif idet > 0
( ) and βif idet < 0 ( ).
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5. DIAGNOSING A FAULTY
MASS-SPRING-DAMPER SYSTEM
In the following case study, a mass-spring-damper system
is considered subjected to three possible faults. Two parametric faults are considered, namely, a faulty damper, see
Fig. 6, and a faulty stifness, see Fig. 7. In addition, an
additive sensor fault is considered.
A parametric model of the system is given by
1
G(θ) =
,
(28)
2
θ1 s + θ2 s + θ3
where parameters θ1 , θ2 and θ3 represent the mass, damper
and spring, respectively. The mass is considered to be
fixed, i.e., θ1 = θ1h . The damper and spring parameters
are defined as θ2 = θ2h + f2p and θ3 = θ3h + f3p . The healthy
parameters are equal to θh = [1, 1, 500]> . In addition,
sensor drift is modeled, given by transfer function F = 1.
Furthermore, the systems is disturbed by measurement
noise where D is a fourth order high-pass filter with cut-off
frequency at 20 Hz.
The resulting fault diagnosis filters Q and R, which are
obtained from Sec. 4.2, are
"
#   "
#
−s
1 − θh s2 +θ1h s+θh
0
R2
θ1h s2 +θ2h s+θ3h
1
2
3
,
=
Q=
. (29)
−1
R3
0
1 − θh s2 +θ1h s+θh
θ h s2 +θ h s+θ h
1

2

3

1

2

3

Fig. 6. Magnitude of the Bode diagram for a frozen damper
fault within the set −0.3 ≤ f2p ≤ 9, with healthy
condition ( ), and thresholds β21 = 8 ( ), β22 = 3
( ), β23 = 1 ( ) and β24 = −0.3 ( ).

Fig. 7. Magnitude of the Bode diagram for a frozen spring
fault within the set −250 ≤ f3p ≤ 100, with healthy
condition ( ), and thresholds β31 = 20 ( ), β32 =
−20 ( ), β33 = −100 ( ), β34 = −200 ( ).

See Verbeek (2021) for the details. In addition, the thresholds for the fault isolator from (27) are defined as
  

  

λ2
1
γ2
−75
=
, λ3  =  80 
(30)
γ3
−80
λ4
0.005
where thresholds γ2 and γ3 are related to the excitation
level of the damper and spring, respectively. Thresholds
λ2 , λ3 , and λ4 bound the speed at which the parameters
and additive fault may vary.
Despite the model accounting for three
only two faults are mimicked, namely a
t ∈ [30, 100] and a spring fault at t ∈
trajectories of θ are depicted in Figs. 8–10

distinct faults,
sensor drift at
[130, 200]. The
( ), as well as

Fig. 8. Sufficiently excited data-points ( ), insufficiently
excited data-points ( ) and scattering data-points ( )
are indicated. The signal to noise ratio is relatively
high, however the damping constant is estimated to
be between the most narrow thresholds, c.f., Figs. 6
and 11.

Fig. 9. Sufficiently excited data-points ( ), insufficiently
excited data-points ( ) and scattering data-points ( )
are indicated. The spring fault is effectively detected,
isolated, and estimated, c.f., Figs. 1, 7 and 12.

Fig. 10. Sufficiently excited data-points ( ), insufficiently
excited data-points ( ) and scattering data-points ( )
are indicated. The additive sensor drift is effectively
detected, isolated, and estimated, c.f., Figs. 1 and 13.
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spring-damper system. Future work includes experimental
validation and a MIMO proof of principle. The current
design provides an accurate real-time diagnosis of the
condition of the system, illustrating that this model-based
fault diagnosis strategy can serve as an input for effective
predictive maintenance for many controlled systems.
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