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ABSTRACT:
This paper introduces the equations of motion of modular 2D
snake robots in the vertical plane. In particular, the kinematics
of pedal wave motion (undulation in vertical plane) of modular
snake robots is presented and using the Euler-Lagrange
method, the equations of motion of the robot are obtained.
Moreover, using the well-known Spring-Damper contact
model, external contact forces are taken into account and pedal
wave locomotion on uneven terrain is modelled and simulated.
Enabled by the dynamical model of the robot, an adaptive
controller based on external force feedback in gait parameter
space is proposed and implemented, resulting in the robot to
successfully climbing over a stair-type obstacle without any
prior knowledge about the environment.
Keywords: Bio inspired snake robots; equations of motion;
pedal wave locomotion; adaptive locomotion; uneven terrain.
INTRODUCTION
There are many life forms with incredibly effective
locomotion mechanisms, sensing and computation capabilities,
which are invaluable sources of inspiration for researchers. One
of these bio-inspired designs are snake-like robots [1], which
their small body cross section, intrinsic stability,
maneuverability and hyper redundancy have made them ideal
for locomotion in challenging environments, such as pipes [2],
tankers [3] and collapsed buildings [4].
Generally speaking, biological snakes can perform a
number of locomotion patterns based on environmental
conditions to effectively traverse in challenging environments.
Among such motion patterns, lateral undulation [5] and its
*
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counterpart in vertical plane (rectilinear [6], or pedal wave
motion [7]) are of special interest due to their intrinsic ability
to move in unstructured environments with different features.
Lateral undulation, which is the most common locomotion
pattern among biological snakes has received considerable
attention since studies on snake robots started. Most of these
studies consider installing wheels to mimic the anisotropic
friction properties of real snakes that makes this gait effective
[8], however, such wheeled snake robots suffer from the same
limitations of wheeled mobile robots, hence, they are not
suitable for locomotion in unstructured environments.
Moreover, although it has been shown that anisotropic friction
property of snake belly scales and existence of push points in
the environment are the major factors for generating such
forward motion [9], development of snake-like skin, such as
[10] has not yet generated practical results.
To overcome the aforementioned issues, some recent works
such as [11], have focused on designing a robot capable of
pushing against the irregularities of the terrain to move
forward. Although such obstacle aided locomotion patterns
have been shown to be very effective [12], existence of
sufficient number of pegs for the robot to push against is
essential to generate enough propulsive forces. Hence, such
locomotion mechanisms are effective only for locomotion in
confined spaces, such as pipes where the robot can always push
against the walls to move forward.
On the other hand, pedal wave motion of snake robots,
which is similar to caterpillar motion [13], is an effective
locomotion pattern very similar to lateral undulation but
performed in vertical plane. In this type of motion, the robot
lifts some of its links and pushes against the ground to move
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forward, which making it very effective for locomotion on
uneven terrain, where lateral undulation is no longer a useful
locomotion pattern [7]. Using such a locomotion pattern, one
can take advantage of small cross section of snake body to
move in confined spaces and because the robot pushes against
the ground to move forward, existence of sideways push points
no longer have an effect on generation of such movement.
Although pedal wave locomotion patterns can be used in
challenging environments, dynamical modelling of such
locomotion mechanisms, necessary for in depth investigation
of the motion is challenging due to the contact between the
robot links and the environment. Some recent works such as [6]
have proposed a modelling framework based on series of
connected mass and springs to model such motion, which is
only suitable for biological snakes modelling. More recently, in
[14] based on the well-known Newton principle and in [15]
using the Euler-Lagrange method the dynamical equation of
pedal wave motion is obtained. However, in both of these
works it is assumed that the number of contact points remains
constant during the motion, and the normal forces are obtained
based on the force and moment balance. Hence, such models
are not suitable for modelling a snake robot with multiple
contact points in unstructured environments, where the robot
might be in contact with multiple contact point in different
planes.
In addition to the lack of a generalized modelling
framework, the number of works which have focused on
adaptive pedal wave motion are also limited. In [7] a shapebased control scheme has been proposed for pedal wave
locomotion of snakes. However the proposed method requires
prior information about the environment. In [16], a control
mechanism based on torque control is proposed for a snake-like
robot, However, the controller requires information from
pressure sensor on the surface of the links. Consequently, a
dynamical model of the robot, taking into account external
forces from the environment could be very beneficial to test
different adaptive controllers for pedal wave locomotion of
snake robots.

external force feedback has been designed and the effectiveness
of such controller is supported by simulation results.
BACKGROUND
Today’s world of robotic is completely dominated by
wheeled robots, however, this popularity stems from simplicity
in modelling, control and manufacture of such robots, and not
their capabilities to overcome locomotion challenges. On the
other hand snake-like robots have proved to be very effective
in unstructured environments, where for wheeled robotic
systems is impossible to operate.
Among snake-like locomotion patterns, pedal wave motion
has number of advantages over other gaits in unstructured
environments. This type of locomotion, which is similar to
extended caterpillar locomotion with multiple contact points, is
exhibited mostly in heavy snakes. Former studies on this type
of locomotion suggested that, in pedal wave (rectilinear)
locomotion snake ribs act as legs, similar to walking. However
the snake does not ‘’travel on its ribs’’, [17] or in the other
words the snake ribs are not the main means of locomotion.

FIGURE 1: PEDAL WAVE (RECTILINEAR) LOCOMOTION

In rectilinear motion, similar to earthworms, the snake
travels in a straight line, and unlike the other type of
locomotion, sideways interaction with the environment is not
essential. Instead, contraction and relaxation waves pass over
the ventral muscles along with lifting body parts are the main
cause of locomotion [6]. FIGURE 1 displays the fundamental
features of such a locomotion pattern.

In this paper, dynamical model of modular 2D snake robots
performing pedal wave locomotion in vertical plane is
presented. The kinematics of the robot have been obtained in
matrix from and using the Euler-Lagrange method, the equation
of motion of the robot has been derived. Using the well-known
spring-damper contact model the effect of external forces on
the robot are taken into account, which unlike existing models
such as [15] can be used to model the robot in contact with the
environments at multiple points in different planes.
Additionally, it has been shown that such a dynamical model is
flexible enough to simulate both lateral undulation inside a pipe
and pedal wave motion. Moreover, using the obtained
dynamical model, the robot is simulated in an environment with
a stair type obstacle and an adaptive controller in gait
parameters space is designed and effectiveness of such
controller for climbing over the obstacle without prior
knowledge about its location is shown.

To mimic such motion, different designs, such as [16], are
proposed. However the most common snake-like mechanism,
capable of performing pedal wave motion is shown in FIGURE
2 [18], where a snake robot consists of six links and five servos
rotating about a common axes has been developed. This robot
is capable of generating pedal wave motion by controlling the
joints angles based on based on the following gait pattern,
inspired by the body shape of biological snakes
𝜑𝑗𝑑 (𝑡) = 𝐴𝑝 𝑠𝑖𝑛(𝜔𝑡 + 𝜂(𝑗 − 1))

(1)

where 𝜑𝑗𝑑 ; 𝑗 = 1,2, … , 𝑁 − 1 are the desired relative joint
angles, 𝜔 is the temporal frequency, 𝜂 is the spatial frequency
and 𝐴𝑝 is the amplitude of the sinoisdal wave. FIGURE 2
shows a snake robot developed by the authors whit six links
𝜋
performing this type of motion with 𝐴𝑝 = 𝑟𝑎𝑑, 𝜔 =
6
−2𝜋
𝜋 𝑟𝑎𝑑⁄𝑠𝑒𝑐 and 𝜂 =
𝑟𝑎𝑑.
5

The organization of this paper is as follows. In Section 1,
the problem definition is discussed and pedal wave motion of
modular snake robot is introduced. In Section 2, the kinematics
of the planar snake robot is presented and in Section 3, the
generalized equations of motion of the robot are obtained.
Finally, in Section 4, modelling of the robot in unstructured
environment is discussed and an adaptive controller based on
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One of the most important features of pedal wave motion is
that the snake can lift part of its body part and push against the
ground to move forward, making it very suitable for
locomotion on uneven terrain. However, this also makes
modelling of such motion challenging, compared to lateral
undulation, in which the robot body is constantly in contact
with ground. Consequently, any dynamical model of pedal
wave motion should deal with contact forces in an efficient
manner to obtain a suitable simulation model to be used for
investigating such a complex motion and possibly used for
designing an adaptive motion to move in unstructured
environment.

𝑖−1

𝑥𝑖 = 𝑥0 + 2𝑙 ∑ cos(𝜃𝑗 ) + 𝑙 cos(𝜃𝑖 )
𝑗=1

(2)

𝑖−1

𝑧𝑖 = 𝑧0 + 2𝑙 ∑ sin(𝜃𝑗 ) + 𝑙 sin(𝜃𝑖 ),
𝑗=1
𝑁
Noting that [𝑝𝑥 , 𝑝𝑧 ] = 1/𝑁[∑𝑁
𝑖=1 𝑥𝑖 , ∑𝑖=1 𝑧𝑖 ] and replacing
𝑥𝑖 and 𝑧𝑖 from (2), the following relations can be obtained:
𝑖−1

𝑥𝑖 = 𝑝𝑥 + 2𝑙 ∑ cos(𝜃𝑗 ) + 𝑙 cos(𝜃𝑖 )
𝑗=1
𝑛−1

𝑁

−1/𝑁 ∑ (2𝑙 ∑ cos(𝜃𝑗 ) + 𝑙 cos(𝜃𝑛 ))
𝑛=1

𝑗=1

(3)

𝑖−1

𝑧𝑖 = 𝑝𝑧 + 2𝑙 ∑ sin(𝜃𝑗 ) + 𝑙 sin(𝜃𝑖 )

(a) 𝑡 = 0

𝑗=1
𝑁

𝑛−1

−1/𝑁 ∑ (2𝑙 ∑ sin(𝜃𝑗 ) + 𝑙 sin(𝜃𝑛 ))
𝑛=1

𝑗=1

Consequently, considering (3), the time derivative of 𝑥𝑖 and 𝑧𝑖
can easily be obtained to be as follows:

(b) 𝑡 = 2s

𝑖−1

𝑥̇ 𝑖 = 𝑝̇𝑥 − 2𝑙 ∑ 𝑠𝑖𝑛(𝜃𝑗 ) 𝜃𝑗̇ − 𝑙 𝑠𝑖𝑛(𝜃𝑖 )𝜃̇𝑖
𝑁

𝑗=1
𝑛−1

+1/𝑁 ∑ (2𝑙 ∑ 𝑠𝑖𝑛(𝜃𝑗 ) 𝜃𝑗̇ + 𝑙 𝑠𝑖𝑛(𝜃𝑛 )𝜃̇𝑛 )

(c) 𝑡 = 4s

𝑛=1

𝑗=1
𝑖−1

(4)

𝑧̇𝑖 = 𝑝̇𝑧 + 2𝑙 ∑ cos(𝜃𝑗 ) 𝜃𝑗̇ + 𝑙 cos(𝜃𝑖 )𝜃̇𝑖
𝑁

𝑗=1
𝑛−1

−1/𝑁 ∑ (2𝑙 ∑ 𝑐𝑜𝑠(𝜃𝑗 ) 𝜃𝑗̇ + 𝑙 𝑐𝑜𝑠(𝜃𝑛 )𝜃̇𝑛 )

(d) 𝑡 = 6s

𝑛=1

FIGURE 2: THE SNAKE ROBOT DEVELOPED BY THE

𝑗=1

AUTHORS PERFORMING PEDAL WAVE MOTION

which together with (3) describe the position and velocity of
center of mass of each link as functions of absolute link angles
expressed in the global coordinate frame. However, to make the
derivation and implementation of Euler-Lagrange equations to
be presented in the next section straightforward, it is more
convenient to represent these equations in matrix form. Hence,
we can rewrite (2) as follows:

In the next section, we will mainly focus on obtaining the
kinematics of such motion in XZ plane in a matrix form suitable
for the Euler-Lagrange method.
KINEMATIC OF 2D SNAKE ROBOTS
Consider the body shape of a 2D snake robot, as shown
in FIGURE 3. For this model 𝜃𝑖 , 𝑖 = 1,2, … , 𝑁 is the absolute
link angle of 𝑖 𝑡ℎ link, 2𝑙 is the length of each identical link
𝜑𝑗 , 𝑗 = 1,2, … , 𝑁 − 1 is the relative angle between the links,
[𝑥𝑖 , 𝑧𝑖 ] is the position of center of mass of 𝑖 𝑡ℎ link in the global
coordinate frame and [𝑝𝑥 , 𝑝𝑧 ] is the position of center of mass
of the robot.

1
𝑽𝑽𝑇 ℋ𝑪𝜽 + ℋ𝑪𝜽
𝑁
1
𝒁 = 𝑽𝑝𝑧 − 𝑽𝑽𝑇 ℋ𝑺𝜽 + ℋ𝑺𝜽
𝑁

𝑿 = 𝑽𝑝𝑥 −

(5)

where 𝑿 = [𝑥1 , 𝑥2 , … , 𝑥𝑁 ]𝑇 , 𝒁 = [𝑧1 , 𝑧2 , … , 𝑧𝑁 ]𝑇 , 𝑽𝑁×1 =
[1 1 … 1]𝑇 , ℋ is an 𝑁 by 𝑁 constant matrix defined as
follows:

Considering the planar body shape of the robot, the
position of center of mass of each link can be obtained as the
function of absolute link angles as follows:

3 of 9

FIGURE 3: BODY SHAPE OF THE ROBOT PERFORMING PEDAL WAVE MOTION

𝑙
2𝑙
ℋ 𝑙 = 2𝑙
⋮
[2𝑙

0
𝑙
2𝑙
⋮
2𝑙

0
0
𝑙
⋮
2𝑙

…
…
…
⋮
…

undulation locomotion in horizontal plane XY by only
replacing Z axis with Y axis. For example, equation (2) can
easily be modified as follows to describe the position of each
robot link when performing lateral undulation in XY plane.

0
0
,
0
⋮
𝑙 ]𝑁×𝑁

𝑖−1

𝑥𝑖 = 𝑥0 + 2𝑙 ∑ cos(𝜃𝑗 ) + 𝑙 cos(𝜃𝑖 )

and

𝑗=1

𝑺𝜽 = [𝑠𝑖𝑛(𝜃1 )

𝑠𝑖𝑛(𝜃2 )

…

𝑠𝑖𝑛(𝜃𝑁 )]𝑇

𝑪𝜽 = [𝑐𝑜𝑠(𝜃1 )

𝑐𝑜𝑠(𝜃2 )

…

𝑐𝑜𝑠(𝜃𝑁 )]𝑇 .

(8)

𝑖−1

𝑦𝑖 = 𝑦0 + 2𝑙 ∑ sin(𝜃𝑗 ) + 𝑙 sin(𝜃𝑖 ),
𝑗=1

Using this notation, the gradient of (5) with respect to time can
easily be obtained to be as follows:
1
𝑽𝑽𝑇 ℋ𝒮𝜃 𝜽̇ − ℋ𝒮𝜃 𝜽̇
𝑁
1
𝒁̇ = 𝑽𝑝̇𝑧 − 𝑽𝑽𝑇 ℋ𝒞𝜃 𝜽̇ + ℋ𝒞𝜃 𝜽̇
𝑁

where [𝑥𝑖 , 𝑦𝑖 ] is the position of center of mass of 𝑖 𝑡ℎ link in the
global coordinate frame OXY and [𝑝𝑥 , 𝑝𝑦 ] is the position of
center of mass of the robot.

𝑿̇ = 𝑽𝑝̇𝑥 +

(6)

DYNAMICAL EQUATION
Choosing
the
generalized
coordinates,
as 𝒒 =
[ 𝜑1 , 𝜑2 , … , 𝜑𝑛−1 , 𝜃𝑁 , 𝑝𝑥 , 𝑝𝑦 ], the Euler-Lagrange equations for
describing the dynamics of snake robot can immediately be
constructed as follows:

where 𝜽̇ = [𝜃̇1 , 𝜃̇2 , … , 𝜃̇𝑁 ] and
𝒮𝜃 = 𝑑𝑖𝑎𝑔(𝑠𝑖𝑛(𝜃1 ), 𝑠𝑖𝑛(𝜃2 ), … , 𝑠𝑖𝑛(𝜃𝑁 )),
𝒞𝜃 = 𝑑𝑖𝑎𝑔(𝑐𝑜𝑠(𝜃1 ), 𝑐𝑜𝑠(𝜃2 ), … , 𝑐𝑜𝑠(𝜃𝑁 )).

𝑑 𝜕𝑇
𝜕𝑇 𝜕𝒱
( )−
+
= 𝑸𝜏 + 𝑸 𝑓
𝑑𝑡 𝜕𝒒̇
𝜕𝒒 𝜕𝒒

Finally, noting that 𝜃𝑖 = ∑𝑁−1
𝑛=𝑖 𝜑𝑛 + 𝜃𝑁 , the absolute
joint angle vector 𝜽 can be written as follows:
𝜽 = ℱ𝝋 + 𝑽𝜃𝑁

where 𝑸𝜏 and 𝑸𝑓 are the vectors of non-conservative
generalized torques and forces, i.e. control inputs, friction and
other environmental forces, 𝑇 is the sum of kinetic energy of
the links and 𝑉 is the potential energy of the system due to the
gravity.

(7)

where 𝝋 = [𝜑1 𝜑2 … 𝜑𝑁−1 ]𝑇 and ℱ is an 𝑁 by 𝑁 − 1
constant matrix defined below:

1
0
ℱ= 0
⋮
[0

1
1
0
⋮
0

1
1
1
⋮
0

…
…
…
⋮
…

(9)

Kinetic Energy
To obtain the expression for kinetic energy of the links it is
necessary to obtain the velocity of each link as a function of
generalized coordinates 𝒒. This can be done by rewriting (6)
and (7) as follows:

1
1
1
⋮
0]𝑁×𝑁−1

𝑿̇ = [0𝑁×𝑁−1 𝑽 𝟎𝑵×𝟏 ]𝒒̇
𝟏
+ {−ℋ + 𝑽𝑽𝑻 ℋ} 𝒮𝜃 [ℱ

It should be noted that the presented procedure so far
made it possible to obtain the position and velocity of the center
of mass of each link as a function of joint angles 𝜑𝑖 , the
absolute angle of the head module and the position of center of
mass of the robot in matrix form. Hence to implement such
equations no symbolic computation is necessary, making the
implementation of equation of motion to be presented in the
next section simpler.

𝑵

𝑽

0𝑁×2 ]𝒒̇

𝒁̇ = [0𝑁×𝑁−1

𝟎𝑵×𝟏 𝑽]𝒒̇
1
+ { ℋ − 𝑽𝑽𝑻 ℋ} 𝒞𝜃 [ℱ
𝑁
𝜽̇ = [𝐹

Defining

It should also be mentioned that although the kinematic
relations obtained for pedal wave in the vertical plane XZ, the
same equations can describe the kinematic relations of lateral
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𝑽

(10)
𝑽

0𝑁×2 ]𝒒̇

0 𝑁×2 ]𝒒̇ .

𝐵1 𝑁×(𝑁+2) = [0𝑁×𝑁−1

𝑽

𝟎𝑁×1 ]

𝐵2 𝑁×(𝑁+2) = [0𝑁×𝑁−1

𝟎𝑁×1

𝑽]

and

which can be written in matrix for as:
𝐴𝑁×𝑁 = −ℋ +
𝐶𝑁×(𝑁+2) = [ℱ

1
𝑽𝑽𝑇 ℋ
𝑁
𝑽 0𝑁×2 ],

𝑸𝑓 = [

and finally considering (10), the expression for 𝑿̇, 𝒁̇ and 𝜽̇ can
be obtained as follows:

where

(11)

and consequently the expression for the kinetic energy of the
system can be constructed as below:
𝑚 𝑇
𝑚
𝐽
𝑿̇ 𝑿̇ + 𝒁̇𝑇 𝒁̇ + 𝜽̇𝑇 𝜽̇
2
2
2

= (𝐵1 + 𝐴𝒮𝜃 𝐶),

𝝏𝐙
𝝏𝒒

(17)

= (𝐵2 − 𝐴𝒞𝜃 𝐶) and 𝑭𝑥 =

The above procedure can be used to take into account any
non-conservative forces such as friction and/or contact forces,
necessary to model both pedal wave motion and lateral
undulation in confined spaces. For example, FIGURE 4 shows
a general case where a single link of the robot is in contact with
an obstacle and 𝑓𝑘𝑁 and 𝑓𝑘𝑇 are the normal and tangential forces
exerted on the robot at the point 𝑝𝑘 by the environment.

𝜽̇ = 𝐶𝒒̇

𝑇=

𝝏𝒒

𝝏𝐙 T 𝑭𝑥
] [ ],
𝝏𝒒 𝑭𝑧

[𝑓𝑥1 𝑓𝑥2 … 𝑓𝑥𝑁 ]𝑇 , 𝑭𝑧 = [𝑓𝑧1 𝑓𝑧2 … 𝑓𝑧𝑁 ]𝑇 are the
vectors of all non-conservative forces along the global X and Z
direction respectively.

𝑿̇ = (𝐵1 + 𝐴𝒮𝜃 𝐶)𝒒̇
𝒁̇ = (𝐵2 − 𝐴𝒞𝜃 𝐶)𝒒̇

𝝏𝐗

𝝏𝐗 T
𝝏𝒒

(12)

where 𝑚 and 𝐽 are the mass and moment of inertial of each link
identical respectively. It should be noted that to fully obtain the
equation of motion of the robot, derivative of 𝑇 with respect to
𝒒 and 𝒒̇ needs to obtained, which considering the matrix form
presented will be straight forward, hence neglected here for the
sake of brevity.
Potential Energy
Unlike lateral undulation in confined spaces, in which the
robot is not subject to any gravitational force, in pedal wave
motion the robot lift its body part from the ground. Thus
considering the body shape of the robot in XZ plane, the
expression for potential energy of the system can be obtained
as:
𝒱=𝑚𝑔𝑽𝑻 𝒁 = 𝑚𝑔𝑽𝑻 (𝑽𝑧0 + ℋ𝑺𝜽),

(13)

Substituting 𝑧0 from the expression of center of mass of the
robot, (13) can be written as follows:
𝒱=𝑚𝑔𝑽𝑻 𝒁 = 𝑚𝑔𝑽𝑻 (𝐵2 𝒒 − 𝐴𝑺𝜽),

FIGURE 4: SPRING-DAMPER CONTACT MODEL
Assuming that 𝑝𝑘 is in contact with the obstacle, i.e. 𝑧 𝑝𝑘 ≤
0, and considering a spring-damper contact model, 𝑓𝑘𝑁 can be
calculated as follows:

(14)

𝑓𝑘𝑁 = 𝑀𝑎𝑥 (𝑘(𝑧 𝑝𝑘 ) − 𝑑𝑧̇ 𝑝𝑘 , 0)

Finally, the derivative of 𝒱 with respect to 𝒒 can be obtained to
be:
𝜕𝒱
(15)
= 𝓖 = 𝑚𝑔𝑽𝑻 (𝐵2 − 𝐴𝒞𝜃 𝐶),
𝜕𝒒

where 𝑧 𝑝𝑘 is the coordinate of the point of contact 𝑝𝑘 along the
𝑍 ′ direction of the frame 𝑂𝑋 ′ 𝑍 ′ , 𝑘 is the spring and 𝑑 is the
damping constant of the environment. Once 𝑓𝑘𝑁 is obtained, it
is straightforward to calculate 𝑓𝑘𝑇 as follows:

which will be directly incorporated into the equation of motion.
Non Conservative Forces
To obtain the effect of non-conservative forces 𝑓𝑖𝑥 , 𝑓𝑖𝑧 on
𝑡ℎ
𝑖 link of the robot expressed in the global coordinate frame,
it is enough to consider the point of effect of such forces.
Assuming that these forces will be exerted on the center of mass
of each link, 𝑄𝑓 can be obtained as follows:
𝑁
𝑓

𝑸 = ∑[
𝑖=1

𝜕𝑥̇ 𝑖𝑙
𝜕𝒒̇

𝑓𝑘𝑇 = −𝑓𝑘𝑁 𝜇𝐶 𝑠𝑖𝑔𝑛(𝑥̇ 𝑝𝑘 )

(19)

where 𝑥̇ 𝑝𝑘 is the velocity of the point 𝑝𝑘 along the direction
tangent to the surface and 𝜇𝐶 is the friction coefficient.
Having derived 𝑓𝑘𝑁 and 𝑓𝑘𝑇 , it will be straight forward to
incorporate these forces into the equations of motion. However
as shown in the general case of FIGURE 4, forces 𝑓𝑘𝑁 and 𝑓𝑘𝑇
are expressed in the stationary coordinate frame 𝑂𝑋 ′ 𝑍 ′ , which
is not necessary aligned with the global coordinate frame, thus
these forces should be expressed in the global coordinate frame

𝑻

𝜕𝑧̇𝑖𝑙 𝑓𝑖𝑥
] [ 𝑧] ,
𝑓𝑖
𝜕𝒒̇

(18)

(16)
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to construct 𝑭𝑥 and 𝑭𝑧 and then use equation (17) to incorporate
these forces into the dynamical model.
Another important consideration is that unlike friction
forces, which are assumed to be exerted on the center of mass
of each link, to obtain a more realistic simulation model of the
robot, the effect of external forces on the robot joints, tip of the
head and the tail should also be considered. That is the reason
why in FIGURE 4 the external forces are assumed to be exerted
at the joints as a general case. However, for this case instead of
using (17) one should obtain the derivative of the position of
the new contact points with respect to q, which is straight
forward and neglected here for the sake of brevity.
Equations of Motion
Considering the expression obtained for the kinetic and
potential energies of the snake robot, it is now possible to
construct the equation of motion for pedal wave motion as
follows:
𝑓

𝑓

𝑀(𝑞)𝑞̈ + 𝑪(𝑞, 𝑞̇ ) + 𝓖 = 𝑸𝜏 + 𝑸1 + 𝑸2

(20)

where 𝑀(𝑞)(𝑁+2)×(𝑁+2) is the positive definite link inertia
matrix, 𝑪(𝑞, 𝑞̇ ) (𝑁+2) is the vector of Coriolis and centrifugal
terms as presented in Appendix A, 𝓖 is a column vector of
𝑓
gravitational forces, 𝑸𝜏 is the vector of control inputs, 𝑸1 is the
𝑓
vector of friction forces and 𝑸2 is the vector of other external
forces due to contact with environment.
Similar equations can be used to describe lateral undulation,
which is essentially the same type of motion in horizontal plane
and thus not subject to gravity. Hence, the equation of motion
of the snake robot performing lateral undulation can be
obtained as follows:
𝑓

𝑓

𝑀(𝑞)𝑞̈ + 𝑪(𝑞, 𝑞̇ ) = 𝑸𝜏 + 𝑸1 + 𝑸2

FIGURE 5: SIMULATED PEDAL WAVE MOTION

(21)

As shown in FIGURE 5, the proposed dynamical model
(20) has been successfully used to simulate pedal wave motion
when the spring and damping constant are chosen to be 350 and
25 respectively with the step time chosen to be 0.002s. It should
be noted that although at each time step all the possible contact
points needs to be checked to calculate the external forces, it
only took 4.21 sec to simulate the motion, shown in FIGURE
5.

where the definition of 𝑀(𝑞)(𝑁+2)×(𝑁+2) , 𝑪(𝑞, 𝑞̇ ) (𝑁+2) , 𝑸𝜏 ,
𝑓
𝑓
𝑸1 , 𝑸2 will remain the same as (20).
Both equations (20) and (21) have the same structure and
the only difference is the gravity term presented to the
equations of motion of pedal wave motion. Moreover, both (20)
and (21) can be seen as two sets of equations. The first 𝑁 − 1
equations are the actuated dynamics of the system containing
relative joint angles and the input torque and the last three
equations are the dynamics of the head angle and position of
the center of mass in addition frictional and external forces.

Similar model can be used for simulation of lateral
undulation inside a pipe based on (21). FIGURE 6 shows the
snake robot with the same simulation parameters moving inside
a pipe with the diameter of 20cm. Although based on the
proposed dynamical model anisotropic friction force can easily
be incorporated, to model the motion of the robot inside the
pipe, in FIGURE 6 the only propulsive force comes from the
interaction between the robot and pipe walls.

Motion Generation
To demonstrate the effectiveness of the proposed model in
(20) generating pedal wave motion, the gait patterns (1) with
2𝜋
−𝜋
𝐴𝑝 = 1.1𝑟𝑎𝑑, 𝜔 = 𝑟𝑎𝑑/𝑠𝑒𝑐 and 𝜂 = 𝑟𝑎𝑑 has been
5
2
implemented on both dynamical model (20) and (21). For this
purpose, a snake robot with six identical links each with the
mass of 0.1𝑘𝑔 and length 0.1𝑚 has been simulated via
MatlabR2017b, and the results demonstrating pedal wave
motion are shown in FIGURE 5.

In the next section, we will focus on simulating the pedal
wave motion in unstructured environment and use the proposed
spring damper contact model to investigate adaptive pedal
wave motion.
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FIGURE 7: CONTROL SCHEME BLOCK DIAGRAM
is the vector of desired joint angles generated from (22) and the
admittance controller is defined as follows:
𝑀𝑑 (𝚷̈ 𝒅 − 𝚷̈ 𝒏 ) + 𝐷𝑑 (𝚷̇ 𝒅 − 𝚷̇ 𝒏 )
𝑓

+𝐾𝑑 (𝚷 𝒅 − 𝚷 𝒏 ) = 𝒮𝑸2

(23)

where 𝑀𝑑 , 𝐷𝑑 , and 𝐾𝑑 are positive desired inertia, damping
and stiffness respectively and 𝒮𝑁−1×𝑁−1 is gain matrix to be
designed.
As can be seen in (23), choosing the nominal gait
𝑓
parameters 𝚷 𝒏 , if there is no external force 𝑸2 , 𝚷 𝒅 converges
𝑓
to 𝚷 𝒏 , however when 𝑸2 ≠ 0, 𝚷 𝒅 deviates from its nominal
𝑓
value based on the feedback signal 𝑸2 and dynamic (23),
similar to conventional admittance controllers in [20].
However, to fully define controller (23) the gain matrix 𝒮
should be chosen appropriately, for which we found the
following structure very effective:

0
0
𝒮 = 𝑘𝚷 0
⋮
[0

FIGURE 6: SIMULATED OF LATERAL UNDULATION
INSIDE A PIPE

ADAPTIVE PEDAL WAVE MOTION

𝑓

𝑓

𝑇

[𝑄2 1 , 𝑄2 2 , … , 𝑄2 𝑁 ] (i.e. the vector of contact forces) for pedal
wave motion based on the following extended gait pattern:
𝜑𝑗𝑑 (𝑡, 𝜂𝑗 ) = 𝐴𝑝 𝑠𝑖𝑛 (𝜔𝑡 + 𝜂𝑗 (𝑗 − 1))

0
1
0
⋮
0

…
…
…
⋮
…

0
0
0
⋮
0]𝑁−1×𝑁−1

(24)

where 𝑘𝚷 is a scaler value has been chosen to be 2.2 based on
trial and error. It should be noted that the structure of matrix 𝒮
is chosen in this way, so that each joint will receive the
feedback signal from the joint ahead of it. Hence, except the
head joint’s gait parameters, the spatial frequency between
other joints will be controlled based on (23). The following
figure shows the robot climbing over an obstacle with the
height of 10cm using this strategy:

The dynamical model of the pedal wave motion of snake
robots (20) can be extended to simulate locomotion of the robot
in unstructured environments. This enables us to investigate the
effect of adaptive control strategies for locomotion on uneven
terrain. For this purpose, motivated by the controller proposed
in [19] for lateral undulation, we propose a similar adaptive
𝑓
control strategy based on a feedback signal 𝑸2 =
𝑓

1
0
0
⋮
0

(22)

where 𝜂𝑗 is the spatial frequency of the sinoisdal command
of 𝑗𝑡ℎ joint and 𝐴𝑝 , 𝜔 remain to be constant, similar to (1).
To adaptively control the spatial frequencies between each
joint i.e. the vector 𝚷 = [𝜂1 , 𝜂2 , … , 𝜂𝑁−1 ]𝑇 , we propose an
admittance controller shown in FIGURE 7, where 𝐶𝑝 is a
trajectory tracking controller, 𝚷 𝒏 are the vector of nominal
spatial frequencies, 𝚷 𝒅 are the desired spatial frequencies, Φ𝑑
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𝑪(𝑞, 𝑞̇ ) = 𝑚{𝐵1𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝒞 + 𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝐴𝑇 𝐵1
+ 𝒞 𝑇 𝒮𝜃 𝐴𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝒞
+ 𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝐴𝑇 𝐴𝒮𝜃 𝒞}𝒒̇
+𝑚{𝐵2𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝒞 + 𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝐴𝑇 𝐵2 −
𝒞 𝒞𝜃 𝐴𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝒞 − 𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞𝑞̇ )𝐴𝑇 𝐴𝒞𝜃 𝒞}𝒒̇
𝑇

FIGURE 8: SIMULATED ADAPTIVE PEDAL WAVE MOTION

𝑚
+
2

𝒒̇ 𝑻 𝐵1 𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶1 )𝒞𝒒̇
𝒒̇ 𝑻 𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞1 )𝐴𝑇 𝐵1 𝒒̇
𝒒̇ 𝑻 𝐵1 𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2 )𝒞𝒒̇ + 𝑚 𝒒̇ 𝑻 𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞2 )𝐴𝑇 𝐵1 𝒒̇
2
⋮
⋮
[𝒒̇ 𝑻 𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝒞2𝑁+1 )𝐴𝑇 𝐵1 𝒒̇ ]
[𝒒̇ 𝑻 𝐵1 𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2𝑁+1 )𝒞𝒒̇ ]

𝑚
+
2

𝒒̇ 𝑻 𝐵2 𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞1 )𝒞𝒒̇
𝒒̇ 𝑻 𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞1 )𝐴𝑇 𝐵2 𝒒̇
𝑇
𝑻
𝑚
𝒒̇ 𝑻 𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞2 )𝐴𝑇 𝐵2 𝒒̇
𝒒̇ 𝐵2 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞2 )𝒞𝒒̇ +
2
⋮
⋮
[𝒒̇ 𝑻 𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞2𝑁+1 )𝐴𝑇 𝐵2 𝒒̇ ]
[𝒒̇ 𝑻 𝐵2 𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝒞2𝑁+1 )𝒞𝒒̇ ]

𝑚
+
2

𝒒̇ 𝑻 (𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶1 )𝐴𝑇 𝑀𝐴𝒮𝜃 𝒞 + 𝐶 𝑇 𝒮𝜃 𝐴𝑇 𝑀𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶1 )𝒞)𝒒̇
𝒒̇ 𝑻 (𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2 )𝐴𝑇 𝐴𝒮𝜃 𝒞 + 𝐶 𝑇 𝒮𝜃 𝐴𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2 )𝒞)𝒒̇
⋮
[𝒒̇ 𝑻 (𝒞 𝑇 𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2𝑁+1 )𝐴𝑇 𝐴𝒮𝜃 𝒞 + 𝐶 𝑇 𝒮𝜃 𝐴𝑇 𝐴𝒞𝜃 𝑑𝑖𝑎𝑔(𝐶2𝑁+1 )𝒞)𝒒̇ ]

𝑚
−
2

𝒒̇ 𝑻 (𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶1 )𝐴𝑇 𝐴𝒞𝜃 𝒞 + 𝒞 𝑇 𝒞𝜃 𝐴𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶1 )𝒞)𝒒̇
𝒒̇ 𝑻 (𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶2 )𝐴𝑇 𝐴𝒞𝜃 𝒞 + 𝒞 𝑇 𝒞𝜃 𝐴𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶2 )𝒞)𝒒̇
⋮
[𝒒̇ 𝑻 (𝒞 𝑇 𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶2𝑁+1 )𝐴𝑇 𝐴𝒞𝜃 𝒞 + 𝒞 𝑇 𝒞𝜃 𝐴𝑇 𝐴𝒮𝜃 𝑑𝑖𝑎𝑔(𝐶2𝑁+1 )𝒞)𝒒̇ ]

As shown in FIGURE 8, the robot successfully climbs over
the obstacle located on its path without knowing the its exact
2𝜋
location with 𝐴𝑝 = 1.1𝑟𝑎𝑑, 𝜔 =
𝑟𝑎𝑑/𝑠𝑒𝑐 and 𝚷 𝒏 =

where

[ , , … , ], not possible without using the admittance
2
2
2
controller. It should be noted that to model the obstacle, the
same spring damper framework is used to model the interaction
between the robot and the obstacle, similar to the model used
to take into account the contact between the robot and the
ground.
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